Linear Algebra Homework 1

Hoon Hong

V Solve using Gauss-Jordan elimination

Solve A x = b using Gauss-Jordan

B -3 -2 B -5
3 1] 4
1. Augment
-3 -2 -5
3 1 4
2. Forward eliminate
-3 -2 -5
0 -1 -1 [|R2+R1
3. Backward eliminate
-3 0 -3 R1—2R2
0 -1 -17
4. Scale
1 01
011
5. Solution

X:

]
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Solve A x = b using Gauss-Jordan

2 -4 0
6 -8 | -4
1. Augment
2 -4 0
6 -8 -4
2. Forward eliminate
2 -4 0
0 4 -4||R2—3R1
3. Backward eliminate
(2 0 -4][R2+R1
04 -4/
4. Scale
10 -2
01 -1

5. Solution

N

X:
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Solve A x = b using Gauss-Jordan

-1 4 7
A= b=
I -5 -9
1. Augment
-1 4 7
1 -5 -9

2. Forward eliminate
-1 4 7
0 -1 -2 || R2+R1

3. Backward eliminate
-1 0 -1]||[RL+4R2

2

0 -1 -2

4. Scale
1 01

012

5. Solution
1

2

X:
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Solve A x = b using Gauss-Jordan

-2 4 -8
20 -4
1. Augment
-2 4 -8
2 0 -4

2. Forward eliminate
-2 4 -8
04 -12 [| R2+R1

3. Backward eliminate
20 4][RL—R2]

04 -12
4. Scale
10 -2
01 -3

5. Solution
-2
-3

X:
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Solve A x = b using Gauss-Jordan

-1 4 -4 -4
A=| -1 0 -2 |b=| 0
30 -4 -4
1. Augment
[ -1 4 -4 -4
10 -2 0

30 -4 -4

2. Forward eliminate

-1 4 -4 -4

0 -4 2 4| R2Z—R1
0 -12 8 8 R3—3R1
:—1 4 -4 -4

0 -4 2 4]

0 0 2 -4 R3 —3R2

3. Backward eliminate

-1 40 -12 R1+2R3
0 -40 8 |,| R2—R3
0 02 -4

[ -1 00 -4 R2 +R1
0 -40 8]
0 02 -4
4_ Scale

100 4

010 -2

001 -2

5. Solution
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Solve A x = b using Gauss-Jordan

3 -6 6 -6
A=|-3 9 -8 |b=| 0
3 -9 6 6
1. Augment
[ 3 -6 6 -6
-3 9 -8 0
3-9 6 6

2. Forward eliminate

3 -6 6 -6

0 3 -2 -6 |R2+RL

0 -3 0 12| |R3—RL
(3 -6 6 -6]] '

0 3 -2 -6,

0 0 -2 6| |R3+R2

3. Backward eliminate

3 -6 0 12 R1+3R3
0 3 0 -12 || R2—RS3
0 0 -2 6
:3 0 0 -12 R1+2R2
03 0 -12 |,
00 -2 6
4_ Scale
1 00 -4
010 -4
001 -3
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Solve A x = b using Gauss-Jordan

4 -6 8 -2
A=| -4 3 -2 |b=]| -1
4 0 -2 0
1. Augment
[ 4 -6 8 -2
-4 3 -2 -1
4 0 -2 0

2. Forward eliminate

(4 -6 8 -2

0 -3 6 -3 |,| R2+R1
0 6 -10 2 R3 —R1
:4 -6 8 -2

0 -3 6 -3 |

0 02 -4 R3 +2R2

3. Backward eliminate

4 -6 0 14 ][ RL—4R3 ]
0 -30 9| |R2—3R3
0 02 -4

(4 00 -4][RI—2R2]
0 -30 9|

0 02 -4

4. Scale

100 -1

010 -3

001 -2

5. Solution
-1

X=1| -3

-2
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Solve A x = b using Gauss-Jordan

-3 1 2

-3

A=| 9 -4 -8 |b=| 3

-9 5 8

1. Augment
[ 3 1 2 -3]
9 -4 -8 3
-9 5 8 1

2. Forward eliminate

0 0 -2 -2

3. Backward eliminate

3 1 0 -5]
0 -1 0 -4,
0 0 -2 -2
3 0 0 -9 ]
0 -1 0 -4,
0 0 -2 -2
4. Scale
1003
010 4
0011

5. Solution
3

X=| 4
1

301 2 -3]]
0 -1 -2 -6 |,
0 2 210

3 1 2 3]
0 -1 -2 -6 |,

R3 +2R2

[ R1+R3 |

[ R2 +R1 |

1

R2+3R1
R3—3R1

R2 —R3
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V Solve using Gauss-Jordan eliminiation (None/Many

Solutions)
Solve A x = b using Gauss-Jordan
-2 6 -4 -8
A=| 2 -4 2| b=| -6
2 -4 2 -2
1. Augment
-2 6 -4 -8
2 -4 2 -6
2 -4 2 -2

2. Forward eliminate

-2 6 -4 -8
02 -2 -14 || R2+R1
02 -2 -10 | | RL+R3
26 -4 -8]] ‘
02 -2 -14 |,

0 0 4||R3—R2

3. Solution: None!
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Solve A x = b using Gauss-Jordan

-3 -9 12 -6
A= 3 9 -12 |,b=| 15
3 9 -12 9
1. Augment
[ -3 -9 12 -6
3 9 -12 15
3 9 -12 9
2. Forward eliminate
-3 -9 12 -6
0 0 0 9| |R2+R1
0O 0 0 3 R1 +R3

3. Solution: None!
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Solve A x = b using Gauss-Jordan

4 -2 2 4
A=| 4 04 |b=]|38
16 -16 0 0
1. Augment
4 224
4 048
16 -16 0 0

2. Forward eliminate

4 -2 2 4

0o 2 2 4 |, R2—R1

0 -8 -8 -16 R3—4R1
:4—224

0 224,

0 00O R3 +4R2

3. Backward eliminate

(404 8] [R2+RL
0224
00O00O0

4. Scale
(101 2]

0112
0000

5. Solution
-1 2
X=t;. | -1 [+]2
1 0
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Solve A X =0b

w

-2
6
2

0
0

-2 -6

using Gauss-Jordan
-4

-4

6 18 12 [[b=| 12

2 6

- Augment

-6 -4
18 12
6 4

0 0
0 0

1322
0000
0000

X=t, .

. Solution

4

~4 |

12

4

. Forward eliminate
-2 -6 -4 -4

0

0

4

,| R2+3R1
R1+R3

. Backward eliminate
. Scale
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Solve A x = b using Gauss-Jordan
' 2 -2 8| [ 3]
7 -12 19
-6 18 0
-9 -4 18 14

1. Augment
3

12

3
12
-12

2
7
12 -6
-9 -4

2 8 3|
“12 19 13

18 0 -6

18 14 2

2. Forward eliminate

3 2
-1

S O O W O O O W o o O

3. Solution:

-2

s 31|

-13 1
32 6
38 11

s 3]

-13 1
6 8
12 13

-13 1
6 8
0 -3

None!

S

3
13
-6

2

R2 —4R1
R3 +4R1

R4 +3R1

R3 +2R2

R4 +2R2
8 3] ]

R4 —2R3
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Solve A x = b using Gauss-Jordan

2
2
-4
8

1. Augment

2 3
2 2

-4 -5

g8 10

3
2
-5
10

5
4
-9
18

5
4
-9
18

4
2

-6

12

2. Forward eliminate

2 3
0 -1
0 1
0 -2
:2 3
0 -1
0 O
0 O
3. Solution:

5
-1

4
-2

None!

-4
T
6
-14
R2 —R1
R3+2R1
R4 —4R1
R3 4+ R2
R4 —2R2
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Solve A x = b using Gauss-Jordan

-2

\S)

8
-4

1. Augment

2 2
2 -2
8 -8
-4 4

2 2 -4
2 -2 4
-8 -8 16

4 4 -8

2 -4 6]
“2 4 -10
-8 16 -8
4 -8 -4

2. Forward eliminate

-2 22
000
000
000

3. Solution:

4 6]
0 -4
0 16 |
0 -16
None!

6
-10
-8

b=

-4

R2 +R1
R3 +4R1

R4 —2R1
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Solve A x = b using Gauss-Jordan

2 2 1 1 4
A -6 -7 -4 -1 . -11
-2 -6 -6 8 4
-2 -3 -1 0 -7
1. Augment
2 2 1 1 4]
-6 -7 -4 -1 -11
-2 -6 -6 8 4
-2 -3 -1 0 -7
2. Forward eliminate
(2 2 11 4]
0 -1 -12 1]|]|R2+3R1
0 -4 -59 8[| RL+R3
0 -1 01 -3 R4 +R1
2 2 1 1 4]]
0 -1 -1 2 1
0 0 -1 1 4[|R3—4R2
0 0 1 -1 -4 R4 —R2
2 2 114]] ‘
0 -1 -121
0 0 -1147
0 0 000]||R4+R3
3. Backward eliminate
(2 2 02 8|[R1+R3]
0 -1 01 -3||R2—R3
0 0 -11 47
0 0 00 O
(2 0 04 2][Ri+2R2]
0 -1 01 -3
0 0 -11 47
0 0 00 O
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4. Scale
(100 2 1]
010 -1 3
001 -1 -4
000 0 O

5. Solution

2 [ 1]
1 3
X=t, . | + 4
1 0




18 of 53

Solve A x = b using Gauss-Jordan

2 1 2 10 -7
-2 -2 2 -12 10
A= ,b=
-2 -3 6 -14 13
4 0 12 16 -8
1. Augment

2 1 2 10 -7 |
-2 -2 2 -12 10
-2 -3 6 -14 13
4 012 16 -8

2. Forward eliminate
(2 1210 -7]]

0 -14 -2 3 R2 +R1
0 -28 -4 6 R1 +R3
0 -28 -4 6 R4 —2R1
:2 1 2 10 - 1 :
0
0
0

7
-1 4 -2 3
00 0 O0[|R3—2R2
00 0 0

R4 —2R2

3. Backward eliminate
(2 06 8 -4|[R2+R1]
0 -14 -2 3

0 00 0 0

0 00 0 0
4. Scale

(10 34 -2

01 -42 -3

00 00 0

00 00 0

5. Solution
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Solve A x = b using Gauss-Jordan

w

2 6
4 12
-6 -18
2 6

- Augment

2 6 2
4 12 4
-6 -18 -6
2 6 2

2622 -
0000
0000
0000

1311 -
0000
0000
0000

. Solution

-3 |
1
0
0

X=t, .

2
4
-6
2

2
4
-6
2

. Forward eliminate

4
0
0
0

. Backward eliminate
. Scale

-
0
0
0

+t, .

2
4
-6
2

b=

_4 ]
-8
12
-4

R2—-2R1
R3+3R1

R4 —R1

-4
-8
12

-4

+, .
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V Determinant

Compute the determinant of A using the definition
a1 4,

a1 A

0. Prepare
det(al, 18 tay 8a ,8+a,, ez)

1. Apply the multilinearity
a, a pdet(e,e))
a8, , det(el, ez)
a, ja; pdet(eye))
a, &, ydet(eye,)

2. Apply the antisymmetry
a, &, ,det(e, e))
-8, 13, det(el, ez)

3. Apply the normality
a1 18278 28



Compute the determinant of A using the definition
-1 -8
5 -5

0. Prepare
det(-e +5e) -8e —5¢,))

1. Apply the multilinearity
8 det(e), €))
5 det(e), &)
-40 det(e,, e))
-25 det(e,, &,)

2. Apply the antisymmetry
5det(e), &)
40 det(e), e,)

3. Apply the normality
45
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Compute the determinant of A using the definition
a1 2,2 33

A=|3a 1 &, 84

831 835 833

0. Prepare
deqahlel+al1e2+al1eyahzel+a12e2+a12eyah3el+al3e2+ai3eg

1. Apply the multilinearity
a; 18,8 jdet(e;, e, e)

(&

a8, jdet(e, e, )
a; 2,85 jdet(e;, e, ;)
a; &, ,a jdet(e,eye))
a; 1@, ,8, jdet(e, eye)
a; &, ,8; ydet(e, ey e;)
a; 25,8 jdet(e, e; )
a; a5, jdet(e;, e;e))
a; 25,85 jdet(e), e; ;)
a, ja; ,a jdet(eye;e))
a, 1a; ,8, ydet(ey e e)
a, 1a; ,8; ydet(ey e, )
a, 18, ,a, jdet(ey e, )
a, 18, ,d, jdet(ey e, e))
a, 18, ,a; jdet(e) e, )
a, 1@, ,a jdet(eye;e))
a, 18, ,8, ydet(ey ey e))
a, | a; ,a; ydet(ey e;, ;)
a; 128 ,a; jdet(e;, e, €))
a; 18, jdet(e;, e, )
a; 8 ,a; jdet(e; e, )
a; &, ,a jdet(e;, eye))
a; 1@, ,8, jdet(e;, ey e)
a; | &, ,a; ydet(e;, ey e;)
a; 25,8 jdet(e;, 5 €))
a; 25, jdet(e; e ¢))
a; |25 ,a; jdet(e; e )

2. Apply the antisymmetry
) 18,85, det(el, e,, e3)
—ay 83,8 det(el, e,, e3)
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-8, 1 a; ,a,; jdet(e, e, e;)
a, 1285, jdet(e; e, )
a; 18 ,a, jdet(e; e, )
-2y 18, ,8; ;det(e, e, &)

3. Apply the normality
A 18783378 18y 383,78 5,8, 1831+ ,8 38 T3 33, 3;,

—ay 38 583
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Compute the determinant of A using the definition

5 -6 3
A= 7 5 8
-6 -8 -2

0. Prepare
det(5e, +7e,—6e, -6e +5e,—8¢e;3e +8e,—2¢)

1. Apply the multilinearity
-90 det(el, e, el)
240 det(e;, e}, &)
60 det(e), e}, &)
75 det(e), e, e))
200 det(e), ey, €,)
-50 det(e), e,, €5)
-120 det(el, e, el)
-320 det(e;, e;, &)
80 det(el, e, e3)
126 det(ey e}, e))
-336 det(ey e}, &)
84 det(e,, e, &;)
105 det(ez, e,, 91)
280 det(e,, e,, &,)
-70 det(e,, &), €5)
-168 det(e) e;, €))
-448 det(ey, e;, &)
112 det(ez, e,, e3)
108 det(e3, e, 91)
288 det( ey, e, €,
-72 det(e,, e, e3)
90 det(ey, €5, €))
-240 det(ey, e), €,)
60 det(e;, e,, &;)
144 det(e3, e, 91)
384 det(e3, e, ez)
-96 det(e3, e, e3)

2. Apply the antisymmetry
-50 det(e), &), €5)
320 det(el, e,, e3)
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-84 det(e, &), €5)
-168 det(e), e), e;)
288 det(e), ey, €;)
90 det(e,, e, &;)

3. Apply the normality
396



V Solve using Cramer's Rule
Solve A x = b using Cramer

-3 -2 -5

3 1 4

]:3

A:

1. Denominator

-3 -2
det(

1
2. Numerators

-5 -2

det =3
4 1
-3 -5

det =3
3 4

3. Solution

]

X:
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Solve A x = b using Cramer
2 -4 0
6 -8 -4

ng

A:

1. Denominator

-4
det(

6 -8
2. Numerators

0 -4
det
-4 -8

)
det
(6—4

3. Solution
-2
-1

X:
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Solve A X =0b

A:

-1 4
1 -5

b

1. Denominator

det(

-1 4

2. Numerators

det[

7 4]
-9 -5
1 7]

1 -9

det[

3. Solution

X:

1
2

Ne—— N

|

using Cramer

7
-9

Il
p—

Il
)
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Solve A x = b using Cramer
-2 4 -8
20 -4

A:

J='8

2

1. Denominator

-2 4
det(

20
2. Numerators

-8 4

det =16
-4 0
-2 -8

det =24
2 -4

3. Solution
-2
-3

X:
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Solve A x = b using Cramer

-1 4 -4 -4
A=|-10 -2 [b=| 0
30 -4 -4

1. Denominator

[ -1 4 -4 ]
det| [ -1 0 -2 ||=8
-3 0 -4
2. Numerators
[ -4 4 -4
det 00 -2 ||=32
-4 0 -4
-1 -4 -4
det| | -1 0 -2 ||=-16
-3 -4 -4
:—1 4 -4
det| | -1 0 O ||=-16
-3 0 -4
3. Solution
4
X=| -2
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Solve A x = b using Cramer

3 -6 6 -6
A=| -3 9 -8 b=| 0
3 -9 6 6

1. Denominator

3 -6 6|
det| | -3 9 -8 ||=-18
3 -9 6
2. Numerators
-6 -6 6|
det|| 0 9 -8 [|=72
6 -9 6
3 -6 6|
det| | -3 0 -8 [|=72
3.6 6
3 -6 -6 |
det| | -3 9 0 ||=54
3 -9 6
3. Solution
-4
X=1 -4
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Solve A x = b using Cramer

4 -6 8 -2
A=| -4 3 -2 |b=|-1
4 0 -2 0

1. Denominator

4 -6 8|
det| | -4 3 -2 =-24
4 0 -2
2. Numerators
[ -2 -6 8]
det| | -1 3 -2 =24
0 0 -2
4 -2 8
det| | -4 -1 -2 =72
4 0 -2
4 -6 -2
det| | -4 3 -1 =48
4 0 O
3. Solution
-1
X=| -3

-2
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Solve A x = b using Cramer

31 2 -3
A=| 9 -4 -8 |b=| 3
-9 5 8 1

1. Denominator

[ -3 1 2]
det 9 -4 -8 ||=-6
-9 5 8
2. Numerators
[ -3 1 2]
det 3 -4 -8 ||=-18
1 5 8
-3 -3 2
det 9 3 -8 ||=-24
-9 1 8
-3 1 -3
det 9 -4 3 ||=-6
-9 5 1
3. Solution
3
X=14

1



V Invert matrix using determinants

Invert A using determinant
-3 -2
3 1

A:

1. Determinant of A

det( ] .

2. Adjugate matrix of A

det(| 1 ]) -det(] -2 |) [ 1 9

(2 )) sl 2]y |0
3. Divide
1 2
inverse(A)=| 3 3

-1 -1
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Invert A using determinant
2 -4
6 -8

1. Determinant of A
2 -4

det =8
6 -8

2. Adjugate matrix of A

det(| -8 ]) -det([ 4 ]) | [ -5 4
~det(| 6 |) det(] 2]) ~6 2
inverse(A) = _; ?
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Invert A using determinant
-1 4
1 -5

1. Determinant of A

-1 4
det( ]zl

I -5
2. Adjugate matrix of A

([ -5 1) -e([ 4 ] |
e[ 1]) ([ -1 ]) | [0
inverse(A) = :? :j
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Invert A using determinant
-2 4
20

1. Determinant of A

-2 4
det(

-

2. Adjugate matrix of A

det([ 0 |) -det(| 4 |) [ o -4
e[ 2]) se([ 2 )| |22
inverse(A) = (1) ?
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Invert A using determinant

-1 4 -4
A=|-10 -2
30 -4

1. Determinant of A
-1 4 -4
det -1 0 -2 =8
-3 0 -4

2. Adjugate matrix of A

[0 -2 4 -4 4 -4

det -det det
0 -4 0 -4 0 -2
) ] . . 0 16 -8
-1 -2 -1 -4 -1 -4

-det ]det[ -det ] =12 -8 2
-3 -4 -3 -4 -1 -2
» - - 0 -12 4
-1 -1 4 -1 4

det -det det
-3 -3 0 -1 0

3. Divide
0 2 -1

1
inverse(A) =| 4 4
1
2




Invert A using determinant

3 -6 6
A= -3 9 -8
3 -9 6

1. Determinant of A

3 -6 6
det{| -3 9 -8 ||=-18
3 -9 6

2. Adjugate matrix of A

- [ -6 6
det -det
- -9 6
-3 -8 36
-det det
3 6 36
-3 9 3 -6
det -det
3 -9 3 -
3. Divide
1
1 1 3

inverse(A)=| — 0 -

w

-18 -18
-6 0
0 9

40 of 53
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Invert A using determinant

4 -6 8
A=| -4 3 -2
4 0 -2

1. Determinant of A

4 -6 8
det{| -4 3 -2 ||=-24
4 0 -2

2. Adjugate matrix of A

(3 -2 -6 8 -6 8
det -det det
0 -2 0 -2 3 -2
] ] -6 -12 -12
-4 -2 4 8 4 8
-det ] det ] —det[ U =| -16 -40 -24
4 -2 4 -2 -4 -2
-12 -24 -12
-4 3 4 -6 4 -6
det -det det
40 -4
3. Divide
1 1 1
4 2 2
2 5
i = = = 1
inverse(A) 3 3
1 1
2 ! 2




Invert A using determinant

31 2
A=| 9 -4 -8
-9 5 8

1. Determinant of A

-3 1 2
det 9 -4 -8 ||=-6
-9 5 8

2. Adjugate matrix of A

det[ ] -det

3. Divide
4 1
3 3
inverse(A)=| 0 1
3
[ _1 -
2

23]
{220

-3 2|
-9 8

12
58

8 2 0
0 -6 -6
9 6 3
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V Volume of linear object using determinant (generalized
Pythagorean Theorem)

Find the 1-volume (length) of the linear object defined by the vectors
3
-4

1. Form a matrix A
3

-4

A=

2. Compute B = At A
B=|25 |

3. Compute D = det(B)
D=25

4. Compute the square-root of D
5
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Find the 1-volume (length) of the linear object defined by the vectors
a

a

1. Form a matrix A

2. Compute B = A™t A
B:[ af+a§}

3. Compute D = det(B)
D=a; +a;

4. Compute the square-root of D

[ 42 2
a1+-a2
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Find the 1-volume (length) of the linear object defined by the vectors
4

-1
-2

1. Form a matrix A

-2

2. Compute B = A™t A
B=| 21 |

3. Compute D = det(B)
D=21

4. Compute the square-root of D

J2r
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Find the 1-volume (length) of the linear object defined by the vectors
5]
5
-4
5

1. Form a matrix A
s ]
5
-4
5

2. Compute B = AM A
B=[ 91 |

3. Compute D = det(B)
D=91

4. Compute the square-root of D

Jor
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Find the 2-volume (area) of the linear object defined by the vectors

2| -4
30 1
2 || -1

1. Form a matrix A

-2 -4
A=| 3 1
2 -1

2. Compute B = A™t A
17 9

9 18

3. Compute D = det(B)
D=225

4. Compute the square-root of D
15
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Find the 2-volume (area) of the linear object defined by the vectors

5 2
5412
-2 2

1. Form a matrix A
5 2

A=| 52
-2 2

2. Compute B = A™t A
54 16

16 12

3. Compute D = det(B)
D=392

4. Compute the square-root of D

142
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Find the 2-volume (area) of the linear object defined by the vectors

4 4
-5 | -4
3] -4
2| -1

1. Form a matrix A

4 4]

-5 -4
A:

-3 -4

2 -1

2. Compute B = AM A
54 50

50 49

B:

3. Compute D = det(B)
D=146

4. Compute the square-root of D
146
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Find the 3-volume (volume) of the linear object defined by the vectors

-5 501 -5
211 -5]]-2
-1 -3 [] -1
5 501 -3

1. Form a matrix A

-5 5 -5 ]

2 -5 -2
A:

-1 -3 -1

5 5 -3

2. Compute B = AM A

55 13 15
B=| 13 84 -27
15 -27 39

3. Compute D = det(B)
D=104064

4. Compute the square-root of D

81626
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Find the 2-volume (area) of the linear object defined by the vectors

1 3
-4 3
50| 3
2| | -2
-3 5

1. Form a matrix A

1 3

-4 3

A= 5 3
2 -2

-3 5

2. Compute B = At A
55 -13
-13 56

B=

3. Compute D = det(B)
D=2911

4. Compute the square-root of D

Vv 2911



52 of 53

Find the 3-volume (volume) of the linear object defined by the vectors

3] 3 4
-4 1 ]| -4
3L 2| -1
4| |-3|] -5
5 3 1

1. Form a matrix A

-3 3 4]
-4 1 -4
A=l 3 2 -1
-4 -3 -5
5 3 1

2. Compute B = At A
75 20 26

B=| 20 32 24
26 24 59

3. Compute D = det(B)
D="78128

4. Compute the square-root of D

4/ 4883



53 of 53

Find the 4-volume of the linear object defined by the vectors

-2 2| ] -4 1
o U I O I I W I
501 4] 4] 4
-2 1] -2 1
-3 3 501 -5

1. Form a matrix A

2 2 -4 1]

-1 -4 -1 -1
A=| 5 4 -4 4

2 1 -2

3 3 5 -5

2. Compute B = At A
43 9 -22 32
9 46 -7 8
-22 -7 62 -46
32 8 -46 44

3. Compute D = det(B)
D=277200

4. Compute the square-root of D

60 77





